INTERACTION MEASURES ON THE SPACE OF DISTRIBUTIONS 
OVER THE FIELD OF p-ADIC NUMBERS 



ANATOLY N. KOCHUBEI and MUSTAFA R. SAIT-AMETOV 
Institute of Mathematics 
National Academy of Sciences of Ukraine 
Tereshchenkivska 3, Kiev 01601, Ukraine 
e-mail: kochubei&i. com.ua, mustafa@imath.kiev.ua 



Abstract. We construct measures on the space 27'(Qp), n < 4, of Bruhat- 
Schwartz distributions over the field of p-adic numbers, corresponding to finite 
volume polynomial interactions in a p-adic analog of the Euclidean quantum 
field theory. In contrast to earlier results in this direction, our choice of the free 
measure is the Gaussian measure corresponding to an elliptic pscudo-diffcrcntial 
operator over Q^. Analogs of the Euclidean P((y5)-theories with free and half- 
Dirichlet boundary conditions are considered. 



1 Introduction 

The basic objects of the Euclidean quantum field theory [2151^] are probabil- 
ity measures on the space ^'(R"-) or <S'(R") of real distributions. Equivalently, 
one can speak about a generalized random process f{f), f 6 P(]R"), fixing 
a probability measure /ig on the Borcl a-algcbra S of X''(M") and consider- 
ing the probability space (2?'(R"), E, /io). The free boson field is described by 
the measure fiQ corresponding to the Gaussian process with mean zero and co- 
variance {(p{f) ip{g)) — (/, (— A m^)^^g) . In order to describe fields with 
interaction corresponding to a polynomial P, it is necessary to define P{f) 
via some renormalization procedure. Then, for any g S 2?(M"), the measure 

. / ^ exp{- {P{ip),g)}d^io{ip) 

^'^^(^^ = /exp{-(PM,5)}rfMoM ' ^'-'^ 

if the expression (1.1) makes sense and indeed defines a measure, is interpreted 
as an interaction measure in a finite volume. In some cases there exists (in a 
certain sense) also an infinite volume limit limg^i dfig. 

Within the recent tendency to find non- Archimedean analogs of all important 
objects of mathematical physics, 4, 5, 15, it is natural to look forp-adic counter- 
parts of the above constructions. This problem (formulated in Refs. 14, 16) is 
of a clear mathematical interest as a major problem of the infinite-dimensional 
non- Archimedean analysis, irrespective of possible physical applications. 

As we switch from IR" to = Qp x • • • x Qp, where Qp is the field of p-adic 

numbers, we consider the space 2?'(Qp) of Bruhat-Schwartz distributions. It 
turns out that the first crucial step is the choice of a free covariance. Note that 
one cannot define differential operators acting on complex-valued functions over 
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The first results in p-adic quantum field theory were obtained in a series of 
papers by Lerner and Missarov (see e.g. Refs. 7, 8, 10) whose main motivation 
was to find a continuous analog of hierarchical models. Their choice of a free 
covariance was 

const/ /(x)||a;-y||-""/(2/)da;dy, a > 0, 

which had nice scaling and discretization properties, made it possible to de- 
fine a Hamiltonian of the discretized interacting field, but did not lead to the 
construction 

In this paper we propose a different approach. We follow the construction of 
Refs. 13, 2 using (instead of the Laplacian) elliptic pseudo-differential operators 
over Qp introduced in Refs 6,5. Such elliptic operators exist only for n < 4, and 
in the physical" dimension 4 such an operator is unique up to an isomorphism. 
Below we assume that p ^ 2. 

More specifically, let h{£,i, . . . be a quadratic form with coefficients from 
Qp, such that the ellipticity (or anisotropy) condition 

M6,---,Cn)y^0 if \^i\p + ---+\Up^^ (1-2) 

holds. On the space iv2(Qp) of square integrable complex- valued functions 
with respect to the additive Haar measure we consider the self-adjoint posi- 
tive operator A = F^^Mh c,F, where „ is the operator of multiplication by 
l^(^ii ■ • • jCn)|p, a > 0, F is the Fourier transform (for the main notions and 
results of non- Archimedean analysis used in this paper see Ref. 5) 

If O is a ball in (with respect to the absolute value maxi<j<„ I'CjIp), 
then Ao will denote the operator on L2{0) defined as follows. Let / G 2?(0), 
that is / G I?(Qp), supp/ C O. Extending / onto by zero, we apply the 
operator A to that extension. Restricting the resulting function to O we obtain 
a function from L2{0) which is taken as Aof- This defines an operator on 
V{0); its closure Aq is a self-adjoint positive operator on L2{0). 

Let fiQ be the measure on 2?'((Qp) corresponding to the Gaussian process with 
the mean zero and covariance {(p{f) ifi{g)) — (/, (A -I- m^)^^g) , where (•, •) is 
the inner product in L2(Qp)- As it is dictated by the condition H1.2I) . we always 
assume that n < 4. We show that for any semibounded polynomial P and any 
a > f , we can define P{(p) to be the Wick renormalization with respect to the 
measure /io, as it is done in the Euclidean P(((9)2-model.|^l El The resulting 
non-Gaussian generalized stochastic pr ocess will be denoted : P('^) : . Moreover, 
with this renormalization the measure (|1.1() is well-defined. It may be see n as a 
p-adic counterpart of the Euclidean P{'p)2 with free boundary conditions.) 181 

Another option (resembling the P{f)2 with the half-Dirichlet boundary con- 
ditions from Ref. 13) is to use the above Wick renormalization with respect to 

/zo while replacing /xq in (|l.l|l by ^q^, the measure on V'{0) corresponding, as 
above, to the oper ator Aq, and taking g to be the indicator function of the ball 
O. We show that Hl.l() makes sense in this case too. This approach has some 
preferences. Though the infinite volume limit is not considered in this paper, 
we prove that within this "mixed" construction of the interaction measure the 
corresponding Schwinger functionals (under some assumptions on P) depend 
monotonously on the radius of the ball O. This result is based on a version 
of the lattice (or, rather, graph) approximation, which is of some independent 
interest. 
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2 Elliptic operators 



In this section we introduce the elhptic pseudo-differential operators that play 
the role of the Laplacian in our approach. Hereinafter we will assume that m is 

some fixed positive constant, a > —. 
2.1 Basic information 

The theory of the operator A defined in the introduction is expounded in detail 
in Ref. 5. The results needed here can be summarized as follows. 

The resolvent {A + m^)^^ is an integral operator of convolution type, 

{{A + m^)-'f){x)= J J{X-Y)f{Y)dY, XeQ;. 

The investigation of the Green function £{X) = £{xi, . . . , a;„), xi, . . . , a;„ G Qp, 
is based on a procedure of reduction of multi-dimensional pseudo-differential 
operators over Qp to one-dimensional operators on more general fields. 

The vector space K = {n < 4) can be endowed with additional algebraic 
structures, so that K is assumed to be a local field (an extension of Qp), if n < 3, 
or the non-commutative quaternion algebra over Qp, if n = 4. Let || • || be the 
normalized absolute value, /3 be a prime element of K, q be the cardinality of the 
residue field of K. For x € K, \\x\\ — , we will write x = (3~^Ux, \\ux \\ = 1. 

It is shown in Ref 5 that for each quadratic form h satisfying (|1.2|l we can 
construct K in such way that 

£{xi, . . . ,x„) = |det T\-^E ((T'^'X)iei + ■■■ + (T'-'X)„e„)) (2.1) 

where ei, . . . , e„ is a basis of K over Qp, T £ GL{n, Qp), T' is the transpose 
of T, E is the Green function, that is the integral (convolution) kernel of the 
resolvent (2l-|-m^)~^ of a pseudo-differential operator 21 over K with the symbol 

«(0 - ll^f "/"7(««), e G K, (2.2) 

where 7 is a continuous strictly positive function on the group of units U of 
K. As usual, the operator 21 is defined on the space 'D^K) of locally constant 

functions with compact supports as 2t = F^^MaFx, where Ma is the operator 
of multiplication by a, Fk is the Fourier transform, that is 

J K 

where x is a rank zero additive character on K. Below we will often use the 
notation f = Fj^f. 

Explicit forms of all the above objects (the choice of the expressions for func- 
tio n 7, the basis of coordinate representation ei, . . . , e„, the matrix T appearing 
in 1)2.111 etc.) can be f ound for various classes of the forms h in Ref. 5. 

The relation 1)2.1)1 shows that the Gaussian measure hq corresponding to 
the operator A and a similar measure constructed from the operator 21 (we 
can identify K and Q^ via the basis {e^}) are connected by a simple linear 
transformation. Therefore we will substantiate 1)1.1)1 using 2t instead of A. In 
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order to simplify the notations, below we will ignore the difference between A 
and 21, and understand /io as the measure corresponding to 21. 

Under the above identification of K and a ball O in corresponds to 
a compact set 11 in ii' which is not necessary a ball, but the union of a finite 
number of disjoint balls. Therefore, in the construction of the mixed interaction 
measure instead of fiQ (defined in the introduction) we will deal with a similar 
measure fi^. 

Later we will often make use of the following technical lemma. 

Lemma 2.1. Let the function a(^) be as in 1^2.^) . If a > ^, then for any >f G Z, 
x>l, 

(a(C) +^2)"^ < cix, (2.3) 
and for any f3 > 1 

ll?ll>9- 

where c\ and C2 are positive constants that do not depend on yt. 

Proof. First, note that 7(^5) in the definition H2.2|l is a positive continuous 
function on a compact set. Thus there exist such positive constants 7min and 
7max, that 

7min < < 7max for any e K. 

The following simple calculations prove 1)2.3(1 : 

{aiO+m^y' d^ < m-' [ d^ + 7^;^ / ||^ir'"/"de 
1=1 

Next, 

{aiO+m^'d^ < l^J m\-"^^/-d^ 

«ll>9*' "'ll?ll>9'' 



<(2a/3/n -1) 

l = x 



since ^ > and o > 1. □ 
Calculations similar to those in proof of 1(2. 3|l give the estimate 

{a{^)+m^y'^ d^ < CK, (2.5) 



l?ll<<z'' 



where positive constant c does not depend on x. Thus from ((2.4() and ((2.5(1 we 
can conclude that the integral (a(0 + rn'^) ^ converges for any f3 > 1. 
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2.2 Properties of the operator 21 and its resolvent 

Let us list some properties of the operator 2t and its Green function E. For the 
proofs see Ref. 5. 

The operator 21 admits a hyper-singular integral representation 

mix)^ [ \\y\\-^'^/"-'n{uyMx^y)-z{x)]dy. (2.6) 

The function (as well as the function 7 from (|2.2|l ) is a finite linear combi- 
nation of continuous (multiplicative) characters of the group U. It is important 
that il.{u) < for all u G U, and that the function y 1— > ^{uy) is locally constant 
on K. 

The Green function E is a non-negative function. If a > ^, then E is 
continuous on the whole K, while for a = ^ the function E is continuous 
except at the origin where it has a logarithmic singularity 

-B(a;) < Ci |log||a;|| I +C2 for ||x|| < 1 

(Ci,C2 > 0). This property resembles the property of the Green function over 
K^. As — > 00, E{x) < const||x||~^"/"~-^ (note a misprint in Ref. 5 where 
the sign is confused in the expression for the order of decay of E in the formula 
(2.25) of Ref. 5; ||a;||'^~^ in that formula should be replaced with ||x||~''~^). 

2.3 Restriction of 2t to the union of balls 

In order to construct the mixed interaction measure, we need the Green func- 
tion Eji of the operator 2tn. Just as it was explained above for the opera- 
tor Ao, 2ln is defined on a function / e Z^(n) as the function 21/ restricted 
to n (note that / equals zero outside 11). It is clear that 2tn is symmet- 
ric and positive as an operator on ^2(11). Moreover, 2tn is essentially self- 
adjoint. 

Indeed, let 2tn be the Fricdrichs extension of 2ln- The open compact set 11 is 
a union IJ Oi of disjoint balls of the same radius, = { a; G i^Tj ||x — Xi || < }, 

i=l 

where Xi G K , k £ Z, \\xi—Xj\\ > q'' fori ^ j. Ify E K, and \\y\\ is small enough, 
then the shift operator {Tyf){x) — f{x + ?;) is a unitary operator on L2(n). It 

follows from 12. 6|) that 2ln and Ty commute; then Ty also commute with 2tn.|lH 
Therefore if z e ^2(11) is a solution of the equation (2ln + m^)z = / where 
/ G Z^(II) (i.e., / is locally constant), then z is locally constant and belongs to 
the domain of the operator 2tn. This means that the positive definite operator 
2tn + m'^ has a dense range, whence 2ln is essentially self-adjoint (see Ref. 12, 
Theorem X.26). 

In order to write a hyper-singular integral representation for 2ln, denote 
R, = {ye K\\\y- {x^ - Xj)\\ > q'' for aU j = 1,.. .,1/}. 
Lemma 2.2. Let x d Oi. Then x — y (zTl if and only if y ^ Ri. 
Proof. If y ^ Ri, then \\y — {xi — Xj)\\ < q'^ for some j, whence 

\\{x-y)-Xj\\ = \\{x - Xj) - {y - {x, - Xj))\\ < q^ 
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by the ultra-metric property of the absolute value, so that x ~ y E Oj. 
Conversely, if y S i?i , then for any j 

\\ix-y)-Xj\\ = \\{x ^ xj) - (y - [x^ - Xj))\\ > 

□ 

Now for z G 2?(n) we can rewrite H2.6II as follows, li x E Oi, y £ Ri, we 
have z{x — y) — 0. Hence 

{^nz){x) = / \\y\\-''^^-'n{uyMx - y) - z{x)] dy 

JK\Ri 

- z{x) [ ||y||-2"A-ir!K)dy , xeO,. (2.7) 

JR^ 

Proposition 2.1. (2tn + m^)^^ is an integral operator on L2(n) with a kernel 
of the form 

Enix,y)^E{x~y) + ^x,y), x, y e H, (2.8) 

where $(a;, y) is locally constant in two variables. The function En satisfies the 
inequality 

0<Eu{x,y)<E{x~y), x,yeU. (2.9) 
Proof. Define a family of functions '^^{x) on 11 (^ e 11) setting 

^d^)^ f i?(x-2/-OI|yir'"/""'f^(%)d2/, xeO„ i = l,...,i.. (2.10) 

JR^ 

Let $(x,^), for each fixed ^ S 11, be the solution of the equation 

(an + m2)$(.,0 = (2.11) 

It follows from the local constancy of the function y i— > fl{uy), and the fact 
that \\y\\ > g*^ for any y £ Ri, that '^^{x) is a locally constant function on 11, 
uniformly with respect to ^. Since 2tn commutes with small shifts, we find that 
$(a;,^) is locally constant i n x, u niformly with respect to ^. 

On the other hand, by H2.10|l '^^(a;) is also locally constant in ^ (uniformly 
with respect to a; S 11). Then the uniqueness of a solution of (|2.11l) implies the 
local constancy of $(a;,^) in i^, uniformly with respect to x. Hence $ is locally 
constant in two variables. 

Let / e p(n), 



v{x) = / Eii{x,y) f{y)dy. 
Jn 

Then v = vi + V2, 

vi{x) = / E{x - y) f{y)dy, V2ix) = / ^{x,y) f{y) dy, xeU; 
Jn Jn 

viix) = < ^ , X e K. 

^ ^ [0, xeK\ll 
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Then vi — vn + vi2 where 

vii{x) = I E{x - y) f{y)dy, x e K ; 

vi{x) 



n 



0, xeU; 

If X G Oi, then by Lemma 2.2 

(2l^Ji2)(x)= / \\y\\-^''/''-^n{uy)vi2{x-y)dy 



- f fiOd^ f E{x-y^O\\yr'"^''-'^{uy)dy 
Jn JRi 



n 



'fd^)fiOd^. (2.12) 

Note that (2t + m'^) vi2 = 2lwi2 on E, and (21 + m'^) vn = / on E, so that 

((2ln + m^) V,) (x) - f{x) - / ^^{x) /(C) d^, xeU. 

Jn 

Calculating (2ln + rri^) V2 wc find that 

((2ln + to') «) (x) = - / ^yix)fiy)dy, x gU; 
Jn 

together with (|2.12l) this yields t he re quired equality (2ln + "1^) U2 = / on E, for 
any / e I'(E). Since the ker nel 12. 7|) generates a bounded operator on L2(n), 
and I?(E) is dense in ^2(11), H2.8() actually is the Green function. 

Let f{x) > for all x G E. Suppose that v is not non-negative. Then there 
exists such xq €ll that 

v{xo) = minu(x) < 0. 
x^n 

Since ^{u) < on [/, it follows from lfT7|) that {{^u + m^)v) (xq) < 0. On 
the other hand, ((2tn + to') v) {xq) = f{xo) > 0. This contradiction proves the 
lower bound in l|2.9|l . 

In order to prove the upper bound, consider the function 



j{x)= [ [E{x-0-Eu{x,0] fiOd^, 
Jn 



with /(C) > on E, / G I?(E). We find again, that if w{xo) — minui(a;) < 0, 

x^n 

then ((2ln + to^) w) (xq) < 0. Denote 

wi= [ Eix-OfiOd^, W2= [ En{x,0f{0dC 
Jn Jn 
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By (|2.7|l . if i is such that xq G Oi, then 

((2ln + m2) wi) (xo) - / ||yir'"/""' ~ y) - wi{xo)] dy 

- wiixo) f \\y\\-^"^^-^n{uy)dy + mVK) 

= {i^ + m^)wi){xo)- [ ||2/|r2"/»-ir!(„^)u;i(xo-2/)dy 

- - I \\v\\-'"''''-'n{uy)w,{x^-v)dy, 

JRi 

SO that 

((2ln + m2)u;)(a;o) = - / ||y||-2"/"-il7K) u;i(xo - y) > 0, 

since wi(xo — y) > for aU y, while ^{uy) < 0. We have come to a contradiction. 

□ 

Let Hi, 112 be open compact subsets of K, such that Hi C 112. If Eui and 
En^ are the Green functions of the operators 2lni and Stria respectively, then 

Endx,y) < En,{x,y) for aU x,yeU,. (2.13) 

The proof of this inequality is similar to the proof of the upper bound in H2.9fl . 



3 The Wick renormalization 

In this section we consider (for our situation) the renormalization procedure 
known as "Wick ordering" . Our purpose here is to define some non-Gaussian 
process on V'{K) which we could identify with power of the Gaussian process 

^(•)- 

3.1 Basic notions 

Following Ref. 13, we will interpret our free process (p as the Gaussian process 
with mean zero indexed by the real Hilbert space Ti. obtained by completing 
X'(if) with respect to the inner product (/, g)% = ((2t + m^)~^/, y). We fix 
the probability space as {V'{K),I], no) where E is the cr-algebra generated by 
cylindrical sets, /xo is the measure defined (via the Minlos theorem) by the 
characteristic functional 

/ e*'^(-''^dMo(<^) = e-^(-^'/)=', feV{K). 

Jv'{K) 

Note that T>{K) is a nuclear space. P 

Below we will write Lp{H) instead of Lp{'D'{K), Y,, hq), and T{Ti.) instead of 
L2{'H). Let r{H)<k be the closure in r{H) of the linear span of all elements 
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^(/i) • ■ ■ ^{fi)i ^ ^ ^7 T{l-t)k be the orthogonal complement of T{TL)<k-i 

CO 

in r(H)<fe. It is well known (see e.g. Ref. 13) that T{H) = T{H)k, and if 

k=0 

e ©r(7^),, then 

1=0 

UWp < (P-1)'=/'I|^||2 for all p>2, (3.1) 

where the p subscript denotes the ip-norm. 

As usual, the Wick product :(p{fi) ■ ■ ■ f{fk)'- of the Gaussian random vari- 
ables ifiifi), . . . , ^{fk) is the orthogonal projection of an element (p{fi) ■ ■ ■ ^{fk) 
toT{TC)k- We will write ■.ip{f)'': = ■.Lp{f) ■ ■ ■ (p{f): (fc times). This is a Gaussian 
random variable with mean zero and the variance fc! (/, /)![• More generally, if 
fi,---,fk,gi,---,gk G then 

{■f{9i)---f{9k)- :v(/i) • • •</'(/fe):) ^^{97^(1), /i)a ••■ {g^{k), fkh (3-2) 

7r 

where the sum is taken over all the permutations of the indices 1, . . . , fc. 

In order to define the Wick power ■.(p'': of the Gaussian generalized stochastic 
process, we approximate if by ordinary random Gaussian functions, to which 
the above operation can be applied. The construction of this approximation is 
specific for the non- Archimedean case. 

Let i3,t(0) be the ball {x ^ K\ \\x\\ < q^^ } with the center at the origin 
(>f = 1, 2, . . .). Denote by A_^(a;) the indicator of i?_jc(0), and by (5>( delta-like 
sequence 

5^ = q'^A^^ix), X G K. 

This sequence converges to 6 in 2?' (A'). The Fourier transform 6^^ is the indi- 
cator of the ball with radius centered at the origin. Since 6^^ G 'D{K), the 
convolution 

^^(0 = (¥>*<5^)(0, i^K, 
is an ordinary locally constant function. On the other hand, by the definition 
of convolution, for fixed ^, iy9x('^) — 4>{5'^S') where S'^S' — S^{x — ^). Thus we 
can write the Wick power ■.^p^{^)'' : , and then associate with it a generalized 
process by the formula 

■■^i:{9)= I ■■V.{xf-9{x)dx, 9^nK). 

JK 

We can write explicitly IH' that 

[-] 



and, conversely, 
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where 

Proposition 3.1. Let a > ^. Then for any r G (1,2) and g £ 'D{K) there 
exist such positive constants r and C that 

II (5) - :^i.:(5)ll2 < (3.4) 
where yc = min{><i, ^2). 

Proof. For a given r G (1,2) we take r' = (1 — j,)^^, 2 < r' < 00 and s — y- 
Then by the Hausdorff- Young incquahty (see Ref. 3, Theorem 31.22) we have 
||?llr' < llffllr. Therefore 

lll?nU < Il5ll^, (3.5) 

smce |||?P||s = |||?P||.V2 = lll5lll?'. 

It follows from (|3.2() and (|3.3() that for xi > K2 

{kr'\\--vt.--i9)---^i.--i9)\\l = (5,<*5)^,(^)-(5,<*5)^,(^), (3.6) 
where 

E^M^ [ 5^^{x~y)E{y)dy. 

JK 

The derivation of H3.6(l is a straightforward calculation based on the identity 
From H3.5|) and 1)3. 6|) taking in account the Plancherel equality we get 

iii?nisii^:^-^:tiU' < iiffii'ii^:^-^:tiU'' 

where s' > 1, namely s'^^ = 1 — 1/s. 

Now it is sufficient to show that the estimate 

ii^:^-^:^ii.' <o(g-^'^) 

holds for some r > 0. But 



E^ 



{E^,-E^,)*E,^ 



E^,*---*E^,{E^ 



E. 



From 1)2.5(1 and the definition of E^t^ we find that for p > 1 the norm ||p 
is uniformly bounded with respect to >f = min{>«:i, ^2}. Then by the Young 
inequality (see Ref. 3, Theorem 31.45) for p G (1, 1 + j:) there exists a positive 
constant, such that 

\\K\^E*^As' <con^t\\E^,-E^Ap■ 



lQ 



Therefore the only thing we have to show is the estimate 

II E^, - E^, \\p < 0{q-^n, 
but it foUows directly from (2.4) and the inequality 

II - ^>.J|p < / {aiO+rriY' d^- 

''U\\>q'' 

□ 

The last proposition implies that for any function g G T^{K) the sequence 
{ - ft:'- (5)} converges, as — > 00, to some random variable :(p'^: (g). Moreover, 
the limit -.ip'^: {g) belongs to T{'H)k, since :</?J^: (.g) is in r{H)k for any x. 

It follows from (|3.t)|) that 

(A;!)-i||:/:(g) - :^^(.g)||2 = {g, E'^ * g) ^^^^^ ~ {g, * g) ^^^^^ 
Passing to the limit in relation H3.4I) yields 

||:/:(5) - ■.'Pi:{g)h < C ||ff ||,. g-^^, (3.7) 

where C and r are some positive constants, and 1 < r < 2. 

Since : ( p''' : (q ) belongs to T{?i)k, we can apply the inequality Taking 
in account (|3.7[l we get the following proposition. 

Proposition 3.2. If a > ^, then for any r G (1,2), g G V{K), and p>2 there 
exist such positive constants t and C that 

l|:/:(5) - :^^(5)llp < {p ~ l)"/' C \\g\\r q-^^ . 



3.2 The Wick polynomials 

Let g G V{K). For any polynomial P{X) = OgX'^ + • • • + aiX + oq wc define 
: Piv) ■ id) = Ik 9{x) : P {ip{x)) : dx as 

as'-ip^-ig) ^ h a2:(^^: (g) + aiip{g) + aq. 

Similarly we define the "smoothed" polynomial : P{(p^): {g). In what follows 
we will assume that > and g{x) > for any x G suppg. 

It is quite obvious that if s = degP is an even number, then the polynomial 
P is bounded from below. So it is natural to expect that under our assumptions 
the integral 

/ exp(-:P(^):(g)) dAio(^) (3.8) 

JV'(K) 

should converge. However, the Wick renormalization procedure usually causes 
the loss of the semiboundedness. It will take us two additional steps to show 
convergence of the integral (|3.8|) . 
Denote 

^ = i?ax |aj|, 

0<j<s 

and 

D = as ||5||li(j<-) 1 + „ max 
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Proposition 3.3. Let s — degP be even; then there exists such a positive 
constant, that for any yt 

■.P{ip^):{g) > -const 
Proof. Using the relation (|3.3|) we can rewrite .P ((^^(a;)) : as 



j=0 1=0 



11(3-21)1' 



as < If: 



a, ^ n(j-2iy. 

j=0 1=0 ' 



k=l 



fc!(s - 2ky. 



Let TVi denote the number of terms in the first sum, and Af2 the number of 
terms in the second one; Af ~ Afi + N2- Then we have 



+ a, ^ (AA-Vx + dk^^{xY-^\clf) , (3.9) 



where bj^i and are some coefficients. 

Elementary computations show that for even s and j < s the inequality 
X'^ — CjX^ > — Icjl''/'-'*"-'-' holds for all X. Therefore, each term in the first sum 
of the right-hand side of (|3.9|) is bounded from below by the value 



Ci 



s/{s-j+2l) 



since s-j^rii ^ ^' same reasoning, each term in the second sum is 

bounded from below by the value 

-c.{ciri\ 

(Here C\ and C2 denote some positive constants.) Thus there exists such a 
positive constant that 



:P {^pAx\) : > — const a. 1+ max 

\ o<i<s-i 



2 



(4) 
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From here and Lemma 2.1 we get 

■P{^>c)-{9)= I ■■P{^^{x)):g{x)dx> 



K 

s/{s-j)\ 

2 Ns/2 



const fls |i.g||Li(K) 1 + max 

\ 0<j<s— 1 



1 ) j {cir 

> - const Dxr"/^. 



□ 

It follows directly from the Proposition 3.1 and the definitions of ■.P{ip): (g) 
and : P{^p^) : {g) that for any r G (1,2) there exist such C > and r > that 

II : : {g)~:P{v^) : (g)||p < C [p - If'^ B \\g\\, q-^^ (3.10) 
for any p > 2. 

Proposition 3.4. Let P he as in the previous proposition. Then there exist 
such positive constants b and 7, that 

poW\ :P(^):(ff)<"6><^/2}<e-'^'' (3.11) 
if X is large enough. 

Proof. First, we choose a constant b such that the estimate : P{(p^): (g) > 
— Ixr**/^ holds; Proposition 3.3 allows us to make this choice. Then we take kq 

such that |>*o^^ > 1, so that 

■.P{(p^):{g)>l~bx'^/^ for any x > xg. 

If : P{ip) : (5) < — 6 >f*/^, then for all x > xq we have 
\:P{v):{g)-:P{^^):{g)\>l 

, and, therefore 

poW\ ■.P{v):{g)<~bx'^'}<fioW\ |:P(^):(g)-:F(^^):(5)| > 1} 
< / \:P{^):{g)-:P{^.):{grdpo{^) = \\:P{^):{9)-:P{v.):{9)r, 

for all p > 2. From inequality H3.10|l it follows that there exists such a constant 
i?, which does not depend on >f, that 

II :P(^): (g)- :P(^.): (g)ll^ < {p - 1)^"/^ R^q-^^^, 

where r > 0. Then we take p depending on x: namely, we put p = c^'^'^l^ . We 
have then 

Moreover, it is clear that for all sufficiently large >ir's we have RP < q'^'^p/^, and 
e < q-'^'P/^. Thus, 

RP{p - lyp'^ q-^'^P < q-^'^p/^ < e-P = e'^'"^""^"' = e'^"'', where 7 = — . 

3s 

□ 



13 



Now everything is prepared for proving the main result of this section which 
is formulated in the following theorem. 

Theorem 3.1. Let P be a polynomial bounded from below (that is, degP — 2s), 
and g be a nonnegative function from T){K). Then 



exp 



(- f g{x) :P(^(.x)): dx] £ f| Lp{V' (K),dfio)- (3.12) 

Proof. Let / be a real-valued function on a probability space (M, and 

mf{x)^fi{a f{0>x}. 
Next let F be a bounded positive function from C^(M). Then 

/r+oo 
F{f{g))dfL= F{x)dmf (Stieltjes' integral) 

/ + 00 
mf{x) F'{x) dx. 
-OQ 

By the monotone convergence theorem we have 

/ + 00 
mf{x) dx, 
-oo 

where both sides of the formula can turn into infinity only simultaneously. If 
the function / is such that 

-f{0>b>c^^'}<e-'''"' 

for all >c > xq, then 



e-/«) df, < e'-^'" + r exp [-q<i-lb?"^ dx 



From here and the Proposition 3.4 we conclude, that the integral 
/ exp(-:P(v3):(5)) d^o(v') 

JV'{K) 

converges. Thus, we have proved (|3.12|l for the case of p = 1. But 

||exp(-:P(^):(g))||^=||exp(-:FM:(pg))||y^ 

which proves H3.12|l . □ 

Now we can state that the expression 

, / ^ exp(^:P((p):(ff)) d^p 
J exp(-:P(^):(5)) d/xo 

defines a probability measure on the space V'{K). 
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4 Concentrated measure and Schwinger func- 
tions 

In this section we introduce a "concentrated" measure dfi^ on the space I?' (11) 
corresponding to the operator i2ln defined in section 2. We show that the ex- 
pression similar to that in H3.13|l with d/xp replaced by c?/ij^ makes sense and 
defines a probability measure on P'(n). Next we consider the natural counter- 
parts of the "semi-Dirichlet" Schwinger functions corresponding to a bounded 
region and examine their behaviour as the region increases. 

Let n be a union of balls of the same radius q'^ described in subsection 2.3, 
and 2ln be the restriction of the operator 21 to that union. In this section 
we accept a little more verbose notations, representing the union in form 11 = 
UiLi Ofc(xi), where the common radius of balls is mentioned explicitly (subsec- 
tion 2.3 pointed the ball Ok{xi) by saying simply Oi). 

4.1 The measures 

The properties of the Green function En of the operator 2tn studied in detail 
in subsection 2.3 allow us to define on the space P'(n) a generalized stochastic 
process Lp with mean zero and covariance of form 

(/,(2tn + m2)-i.g) = / f{x)En{x,y)g{y)dydx, f,g€V(n). 

J K 

The corresponding Gaussian measure on 2?'(n) wiU be denoted by At the 
same time we can consider the restriction of the measure d/io to ^'(n); it will 
be denoted by d/^o as well. 

Thus we have two different measures on 2?' (11), and therefore two kinds of 
the Wick renormalization for random variables on ^'(n), such as the generalized 
process (p. Since Lp is Gaussian with respect to each of the two measures, one 
can state (just as in the case of M^; see Ref. 13) that 

[§] , 
^ 2Jj!(r - 2j)\ 

for any natural number r, where : • : and : • : n denote the Wick renormalization 
with respect to dfiQ and dfj^, respectively. From Proposition 2.1 we find that 
4>(a;, x) is a bounded, nonpositive, and locally constant function in x. The 
formula (|4.1|) implies that the polynomial : P{Lp{x)) : = X)j=o "^i ■ '^(^)"' • ' whose 
degree s is even, can be represented as a similar polynomial : P' {ip{x)) : u = 
X]j=o ^'j ■ f{^y '■ n of the same degree. Moreover, if > 0, then a(, > 0; in other 
words, if the polynomial : P{ip{x)) : is bounded below, then so is the polynomial 
: P' {ip{x)) : Yi- Therefore, for proving the convergence of the integral 

Jv'{n) 

where g is a nonnegative function from I?(n), P is the semibounded polynomial, 
and :P{ip): (g) — J^^ : P{ip{x)): g{x)dx, it is sufficient to show (under the same 
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conditions) the convergence of 



e 



■■P(v)--iiia) 



The convergence of the latter integral can be proved in essentially the same way 
as it was done for /^(n) e^-^^'^^'^^^ d/xo in the previous section. Together with 
the formula (|4.1|l this implies that the expression 

s J exp(-:P(v3):(.g)) d^^i 

defines a probability measure on the space P'(n). 
Concluding this subsection we define a function 

Sf\h,, ...,K)^Z^' J ^{h,) ■ ■ ■ ifiK) e-^^(^)^(f) d/i" (4.3) 

where { /ii, . . . , /ir} is an arbitrary collection of functions from 2^(11), and Zn = 

J e~'^^'^^'^^^ dfi^. The function Sg^\hi,...,hr) is said to be the r-point 
Schwinger function of a mixed state corresponding to the region 11." In what 
follows we show that if hi > 0, then the Schwinger function is nonnegative, and 
it grows as the region 11 increases. 

4.2 Lattice approximation 

Let n be the union of balls defined at the beginning of the section. For any 
integer /, such that I < k, we can write the following identity based on the 
geometric features of non- Archimedean fields (see Ref. 15): 

Il=\JOi{x,), 

1=1 

where Oi{xi) denotes a ball {x d K \ \\x — Xi\\ < q' } of radius q\ and rj = 
r]{l) > v is the number of the balls Oi{xi) in the union 11. The balls are disjoint, 
and their centers are more than apart from each over, that is \\xi — Xj\\ > 
for i ^ j ■ This means that we can decompose 11 into the union of arbitrarily 
small parts keeping general structure of the union unchanged, so that all results 
of subsection 2.3 remain valid. Then let 



e 



(0 



{x) = q-"^^Odx,){x), 



where ^Oi(xi) is the indicator of the ball Oi{xi). The collection {e'p^^^^i forms 
an orthonormal basis in the space P/(n), which consists of all functions from 
Dj(n) with the following local constancy property: for any / e 25;(n) we have 
f{x + x') = f{x) if < g'. Note that A(n) is a space of the finite di- 
mension ri{l). Applying the formula l|2.7|l to the function z = ef'' we easily 
get 

■-q-'/^ J llyir^"/"-^ J7(^.,)dy, x € 0,{x,); 

K\0,{x,) 
\\ixi-Xj)-y\\<q' 



(2tne«)(x) = 
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It follows from here that the space f;(n) is invariant with respect to the op- 
erator 2tn, and so it is with respect to the operators (2ln + rn?) and (2ln + 
w?)~^ . Moreover, the operator (2tn + m^)^^ acts on Viiji) as a positive op- 
erator, since it is a restriction of the positive operator (21 + m^)"-"^ to a sub- 
space. 

Now consider a matrix M''^'') with the elements of form 

Mf = (2tn + m-^T^ef ), z, j = 1, . . . , r;. 

It is easy to see that this matrix is symmetric and positive definite. Further- 
more, since the integral kernel of (2tn + is a nonnegative function (see 
Proposition 2.1), all the elements of Af'^'^''^ are nonnegative. The elements of 
its inverse N'^^' have the form 



and we can express them as 



/ \\y\\-''^/-'n{uy)dy 



I ||y|r'"/"-^17(z.,)dy, z^j. 

I \\{xi-Xj)-y\\<q' 

Since ri(u) < for all u E U, we conclude that 

(b) 7V(Ji'0 <o, i,j = l,...,,7. 

There is one more important fact, which follows directly from (I4.4|l . Suppose 

that we added a number of new balls of the radius q'' to the union 11; denote 
that extended union by 11'. Again, for any I < k we can represent 11' as a union 
of balls of radius q'; moreover, once we have such a representation for 11, we can 
choose the representation for 11' to be exactly the same plus some additional 
balls of radius qK The corresponding matrix N^^ will then consist of all 
elements of iV'^'^''^ plus additional ones. More precisely, if 11 C 11', and i,j S 11, 
then 

^,0^^',0^ (4.5) 

because the matrix elements have exactly the same form, according to H4.4() . 
(Here and below i G 11 means that Oi C n.) 

Next we define a Gaussian stochastic process (ps on Vi (11) with the covariance 

(^.(ef^)^.(e?))=<''\ 

where 6 — qK The Gaussian random variables (ps{ei) form a jointly-Gaussian 
collection with the characteristic function 

c{ti, ...,tr,)= exp I ^ M^"' ^k^tj 
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where t/ £ R, Z = 1,77. The corresponding Gaussian measure on the space 
Dj(n) = P/(n), which is essentially a measure on M'', will be denoted by d/z^. 
It is a well known fact (see e.g. Ref. 13), that if F is a function on MP, then 

/ F(^,(e«),...,^,(eW)) d^^fi^s) 

, / ,x -1/2 r -it. N^^-'^hit, 

= (2^)-''/2 (detM(n''M / F{h,...,t^)e ^-=' (Pt. (4.6) 

For any function g G 2?(n) we put 

where Xi is the center of the ball Oi. The random variable 1^95(5) can be consid- 
ered as defined on the probability space (X''(n), d/ito). This allows us to define 
its Wick powers by the formula 

i=l 

where the renormalization in the right-hand side is taken with respect to the 
free measure d[i,Q. Since ipsi&i) is an ordinary random variable, there are no 
difficulties with such a definition. 

For an arbitrary polynomial P{X) — QsX'^ + Ug-iX''^^ + ■ ■ ■ + aiX + uq and 
any function g G 2^(11) we define 

:F(^,):(g)=^^a,:^^,(ef)):<?(xO. 

j=0 i=l 

Finally, we define the function 

sfl{h^,...,hr)^Z^' j Mhi)---Mhr)e---''^^^y-<^^Ufif, (4.7) 

where Zn — J e"'^'^'^-'^'^^-' d^if, the polynomial P is bounded from below (i.e., 
degP = s is even), 5 is a nonnegative function from X'(n), and hi G 2?(n), i = 

1, r. The function Sg^g{hi, . . . ,hr) can be regarded as the lattice approximation 
for the r-point Schwinger function Sg^\hi, . . . , hr) defined above. Note that for 

.9 e Vi{u) 

fsig) = ^{9) and : : (g) = -.tp'': (g) for any k e Z. 

Moreover, if hi G T>i(n) then the integral in the right-hand side of H4.7|l coincides 
with the integral 

J ^{hl)---^{hr)e'--''^'''^--^3UlJL^ 
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by the definition of the cylindrical measure dfiQ. Since for any fixed function 
from X'(n) there exists such an integer kg, that for all k > kg the function 
belongs to ^((n), for all sufficiently small S's the Schwinger function and its 
lattice approximations are the same thing. Thus, all facts proven to be true 
for those approximations with arbitrary S, automatically hold for the Schwinger 
function itself. 



4.3 Griffiths inequafities 

The Griffiths inequalities are standard correlation inequalities, which are usu- 
ally used for proving the properties of Schwinger functions. To formulate them 
we will need some more notions 

Definition 4.1. A polynomial Q is said to be even, if it of form 

Q{X) = a,X' + as-2X'-^ + ■■■ + ajX^ + oq, 
where s is an even number. 

Definition 4.2. A probability measure fi on K"" is said to correspond to an even 
Ising ferromagnet, if it is of form 

ji = Z^^ cxp ^— bi j XiXj^ dvi . . . di^r, 

where Z is a normalization constant, bij < for i ^ j, dvi = exp{XiXi) di>l, 
Xi > 0, and dv[ is a measure which is invariant under reflection, that is dv^S,) = 

The fact stated in the following lemma follows directly from the definitions 
above and the definition of the measure djjJ^. (Recall here that the space P/(n) 
is essentially R'', so the measure d/i^ is a Gaussian measure on 'W .) 

Lemma 4.1. // the polynomial P is of form P{X) — Q{X) — \X , where Q{X) 
is an even polynomial, g is a nonnegative function from 'D{U), and X is a non- 
negative constant, then the measure 

d.l = Z^'e-^^^^y-^^Uf,f 

= Z^iexp I V N^;'k,t„ 1 n (e--P('^y-(^Ut 




corresponds to an even Ising ferromagnet. 
Proof. Indeed, we have 

dz.n^ = Zn^xp|-i Yl N^^t^tA n ^^^^ 
\ i,i'en J ]en 

where 

diyj = exp{Xg{xj)t-i}exp{~:Q{tj):{g{xj))} dtj . 

Note that the numbers — -/Y^'^/''^ are nonnegative for i ^ i' , since the non- 
diagonal elements of the matrix N'^^' are non-positive which was proven above. 
All the rest is provided by nonnegativeness of A and g, and by evenness of Q. □ 
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Next we state a version of Griffiths' theorem (see Ref. 13, Theorem VIII. 3) 
for even Ising ferromagnets. 

Theorem 4.1 (Griffiths). Let the measure correspond to an even Ising 
Jerromagnet, and let ^' = . . S^^r . Then 

(a) (Griffiths' first inequality) J dfi{^) > 0; 

(b) (Griffiths' second inequality) J f 1+*^ dfi > (/ dfj) (/ f'^ dfj) . 

It follows from the last theorem that ii {hi, ... ,hr} is a collection of nonneg- 
ative functions from ^/(n), then the Schwinger function S^g^^{hi, . . . , hr) is non- 
negative. Indeed, since hi > 0, it is sufficient to show, that s'^^^ (e^j , . . . , e^^) > 0, 
but that follows from the Griffiths' first inequality and lemma 4.1. 

4.4 Monotonous increase 

Here we show the monotonous increase of the Schwinger functions. As noted 
above, it is sufficient to consider the lattice approximations for that func- 
tions, where the "lattice" consists of balls Oi of arbitrarily small radius S = 



Theorem 4.2. Let the polynomial P be of form P{X) = Q{X) — XX, where 
Q{X) is an even polynomial, and X is a nonnegative constant. Let then 11, 11' 
be the unions of rj and rj' balls of the radius q^ , respectively, such that 11 C 
n'. Finally, let g be a nonnegative function from X'(ll), and {hi, . . . ,hr} be a 
collection of nonnegative functions from 'D{IV). Then 



sfl{hi,...,K)<sf'J{hi,...,K). 



Proof. Since hi > 0, it is sufficient to establish the inequality 



cm (Ji) < c.(n') ( (i) (1)^ 



ej, G 2'(n). By the formula H4.6() we can write 




= Z 




ifci • • ■ tkr. exp 



- V N^^-'k t-, 



i, i'GlI 



i, i'Gn'\n 
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where 



Z = 

J en' 

so that the integral with respect to the variables {^j}jen'\n reduces because of 
the normalization multiplier Z^^ . 

Using the equahty (|4.5|) we can rewrite Sf^^ (e^'^\ . . . , e[,'j) as 



J en' 

It is important that the renormalization of the Wick polynomial P is taken with 
respect to the free measure /iq and does not depend on the region 11 or H'. 

The function 5'^^'' (e^.'^"*, . . . , e^'_^) has the same form as sf^^ (e^'^', . . . , e^'^^), 

except that the sum {^^^ ^i," ' ^^UU' + Y.i, i'en'\n ^m' ' added by 

the term ^ Nf\,'^\iti' , and the normalization multiplier is changed 

ien, i'en'\n 
appropriately. We put 



Fir) 



\ ^'^'en »,»'en'\n / 

(-r/2 E ^"^w'jdn, 
\ ien, i'en'\n / 



J en' 



where Z t is the corresponding normalization multiplier, and < t < 1. Then, 
we have F(0) = 5™(ei;^\...,ei' 
show that F(l) > F{0). We have 



we have F(0) = 5™ (e«, . . . , e«), and F(l) = ^^J^ {ef^, e^^}). Let us 



dF 
d7 



^ E (-^M''''U(^fcl---ifc. ^^^^')r-(^fcl•••^fc.)r(^^^.')r}), 



ien,i'en'\n 



(4.8) 
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where ( • )t denotes the mean with respect to the measure 

\ i,i'en ien, j'en'\n / 

J en' 

It is easy to see that the measure d/i,- corresponds to an even Ising ferromagnet. 

So the derivative (|4.8() is nonnegative, since ~Nf\,'^'^ > for z G H, i' eH' \ Il 

by the property of non-diagonal elements of the matrix N^^ ■ proven near 
the beginning of s ubse ction 4.2, and the expression enclosed in braces in the 
right-hand part of (|4.8|) is nonnegative by the Griffiths' second inequality. □ 



Acknowledgment 

This research was supported in part by CRDF under Grant UM1-2421-KV-02. 



References 

[1] F. Bruhat, Distributions sur un groupe localement compact et applications a 
I'etude des representations des groupes p-adiques, Bull. Soc. Math. France, 89 
(1961) 43-75. 

[2] J. Glimm and A. Jaffe, Quantum Physics. A Functional Integral Point 
of View (Springer, New York, 1981). 

[3] E. Hewitt and K.A.Ross, Abstract Harmonical Analysis. Vol.2 

(Springer, Berlin, 1970). 

[4] A. Khrennikov, Non-Archimedean Analysis: Quantum Paradoxes, Dy- 
namical Systems and Biological Models (Kluwer, Dordrecht, 1997). 

[5] A.N. Kochubei, Pseudo-Differential Equations and Stochastics over 
Non-Archimedean Fields (Marcel Dekker, New York, 2001). 

[6] A.N. Kochubei, On p-adic Green functions, Theor. Math. Phys. 96 (1993) 
854-865. 

[7] E.Y. Lerner and M.D. Missarov, Scalar models of p-adic quantum field theory 
and the hierarchical models, Theor. Math. Phys. 78 (1989) 177-184. 

[8] E.Y. Lerner and M.D. Missarov, p-Adic Feynman and string amplitudes. 
Comm. Math. Phys. 121 (1989) 35-48. 

[9] J. Magnen, Constructive methods and results, in Xl-th International 
Congress of Mathematical Physics, ed. D. lagolnitzer (International 
Press, Cambrige, MA, 1995) 121-141. 



22 



10] M.D. Missarov, p-Adic ip"^ -theory as a functional equation problem, Lett. Math. 
Phys. 39 (1997) 253-260. 

11] R.S. Phillips, The extensions of dual subspaces invariant under an algebra, 
in Proc. Intern. Sympos. Linear Spaces, Jerusalem, 1960 (Pergamon 

Press, Oxford, 1961) 366-398. 

12] M. Reed and B. Simon, Methods of Modern Mathematical Physics. II. 
Fourier Analysis, Self-Adjointness (Academic Press, New York, 1975). 

13] B. Simon, The P{(fi)2 Euclidean Quantum Field Theory (Princeton Uni- 
versity Press, 1974). 

14] V.S. Varadarajan, Non-Archimedean models for space-time. Mod. Phys. Lett. 
A 16 (2001) 387-395. 

15] V.S. Vladimirov, I.V. Volovich and E.I. Zelenov, p-Adic Analysis and 
Mathematical Physics (World Scientific, Singapore, 1994). 

16] V.S. Vladimirov and I.V. Volovich, p-Adic quantum mechanics. Comm. Math. 
Phys. 123 (1989) 659-676. 



23 



